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A perturbation theory for in termolecular  interactions is developed with wave functions oi a rb i t r a ry  sym 
metry .  F i r s t -  and second-o rde r  express ions  a r e  written out. For  the sake of s implici ty  in pract ica l  ca lcu ­
lations. the Unsold approximation is introduced in the second-o rder  energy.
1. INTRODUCTION
In te rm o le c u la r  and in te ra to m ic  In te ra c t io n s  
a r e  usually  d is t in g u ish ed  in two types: At sm a l l  
d i s ta n c e s  the " c h e m ic a l” in te ra c t io n s  a r e  im ­
p o r tan t .  They a r e  ca lcu la ted  in f i r s t - o r d e r  p e r ­
tu rb a t io n  theo ry ,  taking the  P au l i  exc lus ion  p r i n ­
c ip le  into account by using  p ro p e r ly  a n t i s y m m e t ­
r iz e d  wave functions (e. g. H e i t le r -L o n d o n ) .  At 
d i s ta n c e s  la rg e  c o m p a re d  to the m o le c u la r ,  
a tom ic  d i a m e te r s  th ese  in te ra c t io n s  a r e  n eg l i ­
gibly sm a l l  c o m p a re d  to the, " p h y s ic a l” , Van 
d e r  W aals  in te ra c t io n s .  The l a t t e r  a r e  ca lcu la ted  
in s e c o n d - o r d e r  p e r tu rb a t io n  theory  with wave 
functions that a r e  s im p le  p ro d u c ts  of m o le c u la r ,  
a tom ic  wave functions.
Since both types  of in te ra c t io n s  a r e  of quan­
tum th e o re t ic a l  n a tu re  th is  d is t inc t ion  has to be 
ju s t i f ied  and it will c e r ta in ly  not be valid  for  in ­
te r m e d ia te  d is ta n c e s .
The f i r s t  to develop a p e r tu rb a t io n  theory  for  
in te ra to m ic  in te ra c t io n s  with a n t i s y m m e t r i c  wave 
functions w ere  E is e n s c h i tz  and London [ 1J. A fte r  
them  such a p e r tu rb a t io n  theory  o r  a v a r ia t io n a l  
p ro c e d u re  that is  quite s im i l a r  to it was used  by 
M arg en au  [2], Moffitt [3], M cG innies  and J a n s e n
[4], D a lg a rn o  and Lynn [5], H ir s c h f  e ld e r  and Sil-  
bey [6J. We think that the t r e a tm e n t  of E i s e n ­
sch i tz  and London is  so com ple te  and m a th e m a t i ­
cally  e legant that  it d e s e r v e s  to be w r i t ten  out in 
a 'm o r e  m o d ern ,  som ew hat g e n e ra l iz e d  language.
T h e re  a r e  two b a s ic  d i f fe re n c e s  that d i s t in ­
guish  th is  p e r tu rb a t io n  theo ry  with a n t i s y m m e t r ic  
wave functions f ro m  the u sua l  p e r tu rb a t io n  theory . 
The u n p e r tu rb ed  H am ilton ian ,  / / 0 , is  a sum  of
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m o le c u la r ,  a to m ic  o p e r a to r s ;  i t s  e igen func tions  
a r e  p ro d u c ts  of the m o le c u la r ,  a to m ic  e ig en fu n c ­
tions. In the p ro d u c t  func tions  the e le c t ro n  c o ­
o rd in a te s  a r e  o r d e r e d  in c o r r e s p o n d e n c e  with 
the o rd e r in g  of the c o o rd in a te s  in IIQ. To sa t i s fy  
the P au l i  p r in c ip le  fo r  e le c t ro n s ,  a n t i s y m ­
m e t r i z e d  p ro d u c t  func tions  a r e  chosen  a s  u n p e r ­
tu rb ed  functions .  F i r s t l y ,  th e s e  func t ions  a r e  not 
e igenfunc tions  of H Q. Secondly, if the  to ta l  s e t  of 
p ro d u c t  e igenfunctions  of II0 sp a n s  the e n t i r e  
function sp a c e ,  the a n t i s y m m e t r i z e d  p ro d u c ts  
span  the a n t i s y m m e t r i c  function  sp a c e .  H ow ever ,  
they a r e  l in e a r ly  dependen t ,  so tha t ,  if a g e n e ra l  
a n t i s y m m e t r i c  function  is  expanded  a s  a l i n e a r  
com bina tion  of a n t i s y m m e t r i z e d  p r o d u c t s ,  the c o ­
e ff ic ien ts  of the expans ion  a r e  not uniquely  d e t e r ­
m ined. T h is  second  p ro p e r ty  w as  u sed  by E i s e n ­
sch i tz  and London to s e le c t  a m a th e m a t ic a l ly  c o n ­
venien t s e t  of expans ion  co e f f ic ien ts .
2. PERTURBATIO N  THEORY
The th eo ry  is so m ew h a t  g e n e r a l i z e d  by, in ­
s te a d  of a s s u m in g  tha t  the wave func t ions  a r e  
a n t i s y m m e t r i c  with r e s p e c t  to p e r m u ta t io n s  of 
the e le c t ro n  c o o rd in a te s ,  a s c r ib in g  them  so m e  
g e n e ra l  s y m m e t ry  p r o p e r t i e s .  They may be s y m ­
m e t r i c  o r  a n t i s y m m e t r i c  in the n u c le a r  c o o r d i ­
n a te s ,  in the e le c t ro n ic  c o o rd in a te s ,  o r  even 
p o s s e s s  so m e  sp e c ia l  s y m m e t r i e s  with r e s p e c t  
to p e rm u ta t io n s  of the sp a c e  o r  sp in  c o o rd in a te s  
only. All th e se  p r o p e r t i e s  can  be e x p r e s s e d  in a 
p ro je c t io n  o p e r a to r  P ,  an o p e r a to r  tha t  p r o j e c t s  
the N - p a r t i c l e  function  sp a c e ,  {cp} , onto the s u b ­
sp a c e  of func tions  with the d e s i r e d  s y m m e t r y  
p r o p e r t i e s ,  {i// = P(p} .
I
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P  has  the usua l  p r o p e r t i e s  of a p ro je c t io n  
o p e ra to r .  It is
and
idem poten t:  P^  = P  
se lf -ad jo in t :  P t  = P (1)
If we t r e a t  a c e r ta in  p h y s ica l  p ro b le m  the s y m ­
m e t ry  of the sy s te m  is  r e f le c te d  in its  H a m il to ­
nian. T h e re fo re  the H am ilton ian  is in v a r ia n t  u n ­
d e r  o p e ra t io n s  of the s y m m e t ry  group of the s y s ­
tem  and, as  a consequence ,  u n d e r  the  p ro je c t io n  
o p e ra to r  P ,  which is a  l in e a r  com bina tion  of such  
o p e ra t io n s .  M o re o v e r ,  H  is  s e l f -ad jo in t .  E x ­
p r e s s e d  m a th e m a t ic a l ly :
P H  = H P  , H  t =  I I . (2)
If we s e p a r a t e  H  in a H am ilton  o p e r a to r  of an u n ­
p e r tu rb e d  sy s te m ,  H0 , and a p e r tu rb a t io n ,  V ,  
both p a r t s  a r e  not n e c e s s a r i ly  in v a r ia n t  un d e r  P .  
In the c a se  we a r e  in te r e s te d  in, II0 r e p r e s e n t s  
the sum  of the in t r a m o le c u la r ,  i n t r a - a to m ic  in ­
te r a c t io n s  and V  the in te rm o le c u la r ,  in te ra to m ic  
in te rac t io n .  Both H 0 and V c o r r e s p o n d  to a  c e r ­
ta in  o rd e r in g  of the n u c le a r  and e le c t ro n ic  c o o r ­
d in a te s .  T h e re fo re
P H o h 0p , P V  * VP. (3)
3. INTERM EZZO : EXPANSION OF FUNCTIONS 
IN THE SUBSPACE {i//}
A b a s i s  f o r  the function sp ace  {0} is given by 
the e igenfunctions  of IIQ\
h0 = 4°> 4 ° ) .
The <*>(°) a r e  a s s u m e d  to be o r th o n o rm a l :
< W  > - v
A re so lu t io n  of the identity  o p e ra to r  in {&} is  
given by
(4)
i  = E  
k
O r, in o the r  w o rd s ,  each  function  that s a t i s f i e s  
so m e  w e l l -b e h a v io u r  conditions can  be e x p re s s e d  
in th is  b a s i s ,
with the coeff ic ien ts :
k
(o)
The functions  = P < p sp an  the su b s p a c e  { \ f / } 
but they a r e  l in e a r ly  dependent.  (B ecau se  of (3) 
they a r e  not e igenfunc tions  of HQ). If a  function  
ip is  expanded as  a l in e a r  com bina t ion  of
4, - £  4 0) a
k
k >
the coe ff ic ien ts  ci  ^ a r e  not uniquely  d e te rm in e d .  
One m ay s t i l l  w r i te ,  due to the c o m p le te n e s s  of 
the in the function  sp a c e  {c/>} :
p  = T) \ p <p{° ] ) ( p <b{0) 
k
k I ■ Ç I <i0) > < *kk
(o) (5)
If a function  \jy be longing  to the  su b sp a c e  {i//} is  
e x p r e s s e d  in the  with the help  of th is  r e s o ­
lu tion  of P:
4, = p *  = z  | 4 0)><*(0)
(o)
k k I uk >/v
b (6)
the s e t  of co e f f ic ien ts  b\z = | ^ )  is  uniquely
d e te rm in e d  and r e p r e s e n t s  a s p e c ia l  s e t  in the 
co l lec t io n  of all s e t s  of expans ion  co e f f ic ien ts  a
4. PERTURBATIO N  THEORY
We p ro c e e d  a c c o rd in g  to the R a y le ig h -S c h ro -  
d in g e r  p e r tu rb a t io n  th eo ry .  The H am il to n ian  is 
w r i t ten  as
H  = Hq + X V  . (7)
The e igenfunctions  and e ig en v a lu es  of the  equa tion  
fo r  the to ta l  s y s te m ,  II\j/ = E\p, a r e  expanded  a s  
pow er  s e r i e s  of X:
CO CO
E  = £  \ V ” > . (3)
>¿=0 n=0
The p e r tu r b e d  func t ions  il^n\  belonging; to the  
su b sp a c e  {i//} a r e  expanded  in the  0 ' :
k k Vk
(9)
As we want to c o n s id e r  the  g round  s ta t e  fo r  the 
a s s u m e d  s y m m e t r y  we choose  a s  the z e r o th  o r d e r  
function  = ^ qCo). T h is  m e a n s
a(o) _k = 6 (10)
(8) and (9) a r e  then  su b s t i tu te d  in H\js= E\p:
CO CO
x'«+«e( » 0 s  O)
k k  k  '
s  \ M£ 4 ww (,o) = eA J  k k
w=0 /e m,;z=0
In the le f t -h a n d  s id e  of th is  equa tion  = p ^ (o)
is  in t ro d u ced ,  u se  is m ad e  of the  c o m m u ta t io n  r e -
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la t ion  (2), and (7) is  su b s t i tu ted .  Then (4) is used  
and t e r m s  a r e  som ew hat r e a r r a n g e d  to obtain:
CO oo
in ­




P utt ing  the coeff ic ien ts  of the d if fe ren t  p o w ers  of 
A equal to z e r o  y ie ld s ;  fo r  = 0, subs t i tu t ing  (10)
*<°V0o) = e(0 V 0)o e(°) - r (o)fc - ^o (11)
fo r  « = 1, with the help of (10) and (11):
s  4 M 0) -  4 °  W 0) = k
(12)
lo r  n = 2:
s  ■




The r ig h t-h a n d  s id e s  of these  equations  a r e  
expanded as  l in e a r  com bina tions  of the ^ , ( ° )  a c ­
co rd ing  to fo rm u la  (6). The f i r s t - o r d e r  equation 
(12) b e co m es :
(1)V' r r ' {
Y ak k
(°) r (o)i , (o) 
- Eo =
s < iy
(o) (l),(o) (oh , (o)
k k
V o 1 - PV<b£'W k
A solu tion  to th is  equation  is found by equating 
the coeff ic ien ts  of T h is  y ie ld s ,  in troduc ing
the notations
(o) (o) (o) n Ao)
v a  =  < p n  \ p v * r >  > H i  =  ( p é k  \ p * n  >
(14)




P V è  1°^  )0 I 00
(o)
(15)
P à$"  ) A00
fo r  k * 0
a (i)k





P ro c e e d in g  analogously  with the s e c o n d - o rd e r  
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6 ' ' A/eo)
In th is  m a n n e r  one f inds  a ll  the t e r m s  in p e r ­
tu rb a t io n  th eo ry ,  but h e r e  we a r e  only in t e r e s t e d  
in f i r s t -  and s e c o n d - o r d e r .  The f i r s t - o r d e r  e n e r ­
gy is  e x p r e s s e d  in the  u n p e r tu rb e d  g round  s ta te  
wave function. To get r id  of the ex c i ted  s ta t e  func 
t ions  in the s e c o n d - o r d e r  en e rg y  we have to apply 
the U ns‘61d a p p ro x im a t io n  [7]. F o r m u la  (16) b e ­
co m es
(2) ___ I___  £  , v  _ e(DA )
^av A 0o jS , 0/5 ° k
X ( Vko (17)
w h e re  is  an " a v e r a g e  ex c i ta t io n  e n e rg y " .
In o r d e r  to apply (5) the  t e r m  V Qje has  to be 
r e w r i t t e n ,  with the help  of V  = H  - H Q (A is now 
conta ined  in V) :
Vok -  < P  i ° ]
(0)
H P  >
(o)
o= ( P  <^u ' ! > -  ( P  <#/0) ; P H q4>^’ ) .
(o)
U sing (2) and (4) and once aga in  II = / / 0 + V  th is  
e x p re s s io n  b e c o m e s :
Vok = ( p V <»o] p 4 0) >•
A fte r  su b s t i tu t in g  th is  in (17) equa tion  (5) i s  u sed  
(N. B. the s u m m a t io n  o v e r  k  does  not con ta in  the 
t e r m  k -  0).
In troduc ing  the  f i r s t - o r d e r  r e s u l t  (15) m any 
t e r m s  cance l  and we a r e  le f t  with
(2) 1
av (13)
{ P V ^  \ P V ^ ° ] )
(P(b(°ï I P(b(°) )o 1 o
( P c b ^  \ P V (¡> ^ ) 
( p ( p { o )  \ p ( p ( o )  )
2
R e m a r k :  to c a lc u la te  e x p r e s s io n s  of the fo rm  
<PX |PX ’ ) the fo llowing s im p l i f ic a t io n  is  obtained 
by us ing  (1):
(Px\Px ' )  = <Px|x’> = <x|-Px'> •
A nalyzing  the  f o r m u la s  (15) and (18) fo r  the
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c a se  of in t e r m o le c u la r ,  in te ra to m ic  in te ra c t io n s  
the following conc lu s ions  m ay  be m ade: The f o r ­
m u la  (15) fo r  the f i r s t - o r d e r  en e rg y  c o r re s p o n d s  
exactly  to the H e i t le r -L o n d o n  o r  f i r s t - o r d e r  c h e m ­
ica l  binding energy .  The con tr ibu t ion  to th is  e n e r ­
gy due to the identity  p a r t  of the p ro je c t io n  o p e r a ­
to r  P  is  s m a l l  c o m p a re d  to the t e r m s  re su l t in g  
f ro m  p e rm u ta t io n s  in P ,  the s o - c a l le d  exchange 
t e r m s .  The s e c o n d - o r d e r  r e s u l t  (18) con ta ins  
the Van d e r  W aals  en e rg y  as  the identity  t e rm ,  
the r e s t  may be ca l led  s e c o n d - o r d e r  exchange 
energy . Th is  s e c o n d - o r d e r  exchange energy  can 
y ie ld  an im p o r ta n t  con tr ibu t ion  a t  in te rm e d ia te  
d is ta n c e s .
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